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Abstract

In this work, the performance of the recuperative type heat
exchangers connected in series is studied. General expressions
for the effectiveness of counter flow and parallel flow connections
for any type of heat exchangers have been derived. It is proved
that the effectiveness of the heat exchanger is only function of
the thermal conductance and heat capacity flows. A numerical
example is given in order to find how many cross flow heat
exchangers connected in series would give the same effectiveness
as that of single counterflow heat exchanger.

Introduction

Heat exchangers are devices used to transfer heat between two
fluids at different temperatures. The goal of heat exchanger
design is to relate the inlet and outlet temperature, the overall
heat transfer coefficient, and the geometry of the heat exchanger
to the rate of heat transfer between the two fluids.

Heat exchangers are extensively used in power plants as boilers,
condensers, feedwater heaters, superheaters, economizers and
air heaters; in refrigeration and air-conditioning equipments as
evaporators and condensers; and in many other applications.
Effect of the maximum and minimum heat capacitance on the
performance of heat exchangers from entropy generation point of
view has been investigated [1]. Theoretical analysis of counterflow
heat exchangers [2] and parallel flow heat exchangers [3] with
a heat source within the hot fluid has been studied. Moreover
heat exchangers of any type can be connected in series for certain
purposes. More details on heat exchanger design and application
can be found in literature [4-7].

Heat exchangers can be connected in series in counter flow
connection as shown Figure la or in parallel flow connection
as shown in Figure 1b, while the heat exchangers connected in
series in both connections can be any type of heat exchanger.

In order to avoid any misunderstandings between concepts
counter-flow unit and counter connection as well as between
parallel-flow unit and parallel connection, a counter connection
of three parallel flow units (parallel flow heat exchangers) is
presented in Figure 2.

In series connection, the overall conductance of the connected
units is equal to the sum of the conductances of all individual
units.

The main objective of this work is to derive a general expression
for the overall effectiveness of the series connection as a function
of the effectiveness’s of whole units in that connection. Moreover,
this study purpose is to obtain the best performance of the heat
exchanger based on their connection.
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Figure 2: Parallel connection with parallel flow units.
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Let us designate by T and Cy as the temperature and heat capacity

of hot flow; and by t and Cr as the temperature and heat capacity
of cold flow, respectively.

Consider the counter connection as shown in Figure 3 and
assume first that Ct > C;.

Figure 3isa counter connection with counter flow heat exchangers
(counter units). However units can be any type of heat exchanger
since the same mathematical formulation is valid for them; this
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is because we only consider the temperatures of the hot and cold
flows at the inlet and exit of the unit.

Consider unit 1 of Figure 3.
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Figure 3: Counter connection with counter flow units.

The heat balance can be written as CtAt1 = CTAT1 and
effectiveness of the unit is £ = At /0_. From these expressions it

follows that At, = ¢ 0_and AT, = (Ct /CT )At, = Re 0 , where

R =Crin/Crax =Ct/Cr.Hence6,=0_-£6_and0 =0, -

R g0, we obtain 92 _ A= . Correspondingly for the other
? 0, 1-Rey
0 1-¢ —
units =" an s _ -2 . Multiplyefz'ei'e*4
0, I1-Re, 03 1-Rej 0, 0, 0,
wegete—4: 1—81 1—82 1—83 )
91 1—R81 1—R82 1—R83
The total heat balance of the connection is

CtAt = CT(64 +At—0), where At = At + At, + At,. Hence R

04 — 0

At=0,+At-0 and At=
0,.forR=1

forR#1,and0,=0 =0, =

On the other hand the effectiveness of the whole connection

and thus1-¢ = . Now let us define an

+04 At + 94
auxiliary variable as

S €=

€

§=_2
1-¢

(1)

The auxiliary variable is obtained as

O 6

8:£:94—91: 94294
1-¢ 0, 04R-1) R-1 1-R

Substituting the expression of 0,/0, in the above equation, we
get

1—R811—R821—R83 _1
1—81 1—82 1—83
1-R

or in general form

o T ]

k=1

Then by using Eq. (1), the effectiveness of the whole connection
for 0 <R <1 is obtained as

€= (2)

In the same way as above, a general expression for the whole
connection (counter connection) effectiveness for Ct < C; , i.e.

R= CT / Ct , can be obtained, which is the same as that of Eq. (2).
So the heat capacitance ratio, R, does not change mathematically
the general expression for the effectiveness.

For R = 1, At, = AT, At, = AT, and At, = AT, hence we

obtain 6= At1 + Atz + At3
94 + At1 + Atz + At3
€= 04
94 +At1 +At2 +At3 .
Then the auxiliary variable is obtained as

and thus we obtain

e _At1+At2+At3_A7t1+&+&
1-¢ 04 01 02 03

since0,=0,=0,=0,for R=1.On the other hand, the effectiveness

o=

>

of unit 1 isgq = Al = Aty , then 1— g4 2671
92 +At1 91 +At1 91 +At1
and 84 = B S Correspondingly, 6, = g2 _ AL
1—81 61 1—82 92
and 63 = &s =—At3 , hence we get & = 8 + 93, + 9, or
1—83 63

n
generally & = ZSK .

k=1
The effectiveness of the whole connection for R = 1 can be written

in general form as
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n
€k

1- €k
_ k=t
g = . (3)

e
1+ k

k=1

1—8k

When the units are identical and we assume, that the conductance
of a unit does not change if its geometry does not change, it is
valid that € = &, = €, = ...= ¢ . That is because it can be proven
that the effectiveness € of a heat exchanger is only function of
heat capacity flows and conductance as will be shown later, and
the heat capacity flows are the same for all the units. Hence it
follows from Egs. (2) and (3) that

(I_RSuJ -1

l-¢,

€= -
1-Re,
l-¢,

ne
and ¢ 1+(n_1):u or (5)

for0<R<1 (4)

where R is either C;/Ct or C;/C; (the minimum heat
capacity flow is in the nominator) and n is the number of units.
In a similar way it is easy to show that Egs. (2) and (4) are valid
also for R = 0.

Equation (5) is obtained by talking the limit of Equation (4) as R
tends to 1 and then using L'Hopitals rule as R tends to 1.

Now we consider the case where n—co. The heat balance of an

individual unit can be written as C7AT, = C;At, = G"A,0,
where G” is conductance per unit heat transfer area of the heat

exchanger walls, A  is area of the heat exchangers walls and 0 is
the average temperature difference between cold and hot fluids.
As n — oo and the size of the connection still remains finite, the
size of the units becomes differentially small and it follows that

CdT = C,dt = G"dA© , where 0 = T - t. But this is the heat
balance of a differential unit of a counter-flow exchanger that
means that we end up to equations of the ordinary counter-flow
exchanger. Thus, as the number of units is very large, we can
consider the whole connection as one counter-flow exchanger.

Parallel connection

Consider the parallel connection where the individual units
consist of parallel flow heat exchangers as shown in Figure 4.

Let us first consider the case where Ct > C;, which i.e. R =

Ct / CT .Consideringunit 1, theheatbalanceis CtAt1 = —CTAT1
since AT, < 0. The effectiveness of unit 1 is &, = At /0 = At/

0,. From these equations it follows that At = £ 0, and AT, = - (

Ct /CT )Atl = -RSlel.
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Figure 4: Parallel connection with parallel flow units.
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Thus 0, =0 - At -(- AT)) =0, -¢0, -Re0 =0/l -¢ -Re)
which means that

0

el 1-¢4—Req. Correspondingly for the other units
1
03 04 I
—=1-¢g5, —Rey and — =1-¢3 —Rez. Multiplying the
02 03

. . e 2 9 3 94 .
temperature difference ratioas —=. 2. % . the following

0, 0, 05

temperature difference ratio is obtained as

Z_4 =(1- —Re )(1-&, - Re, )(1—&;, — Re;) The overall
1

heat balance of the connection is CyAt=Cr (01— At—04)

which means that RAt =0, - At- 0, and At = % .
+

The effectiveness of the whole connection is

_ 9
MM 100, 0,
90 91 91 R+1 R+1

_1—(1—81—R81§1—82—R82!1—83—R83)
R+1

or in a general form

n
1—H(1—8k —RSk)
k=1

R+1 (©)

e =

In a similar way we end up with Eq. (6) for the case where

CT < Ct. It is easy to show that Eq. (6) is valid also when R
= 1. If all the units of a parallel connection are identical with
effectiveness ¢ , it follows from Eq. (6) that

_ 1—(1—8u —Rsu)‘

R+1 @

€
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which is valid for all values of R (when 0 <R < 1).
Let us again consider the case where n—o0. The heat balance

of one unit can be written as —C7AT, = C{At, :G"Aué
. As n—>o and the size of the connection still remains finite,
the size of the units is differentially small and it follows that

—C1dT = Cdt = G"dAO, where 6 = T - t. However, this is the
heat balance of a differential unit of a parallel-flow exchanger,
hence we end up with the equations of the ordinary parallel-
flow exchanger. Thus as the number of units is very large, we can
consider the whole connection as one parallel-flow exchanger.

A proof that the effectiveness of a heat exchanger is a
function of R and NTU only

This proof is based on the Buckingham’s Il-theorem and on
such a reasonable assumption that the change of temperature
of the smaller heat capacity flow in the heat exchanger, AT,
is function of four variables which are temperature difference of
entering flows 0_(which is the maximum temperature difference

in the whole heat exchanger), minimum heat capacity flow Cmin

, maximum heat capacity flow C ¢, and conductance of the
exchanger G. Hence we can write

AT =AT (0, Cmin, CmaX,G).

Mathematically there is a function F that satisfies the following
condition F (ATmax, 90, Cmin R Cmax , G) = 0. The dimensions of

the variables are: [AT ] =[0 ] = Kand [Cmin] = [Cmax ] = [G]
= W/K. We can choose dimensions K and W as basic units, that
means there are two linearly independent dimensions in function
E This can be done even though W = kg m? s is not a basic unit
in the standard unit systems, because the linear independence of
Kand W is all that is demanded. Thus the amount of variables is
5 and the amount of independent dimensions is 2.

According to Buckingham’s I1-theorem no information is lost if
the function F is derived to a function of dimensionless groups,
that is I1-groups, so that the amount of I1-groups in the new
function is 3.

We can form, from the variables of function F, for example the
following I1-groups: IT = AT /6 =e,II, = Comin /Cmax =Rand

I,=G/ Cmin = NTU. Hence we get a new function f so that f(IT,
IT, TT,) = 0. But this can be derived directly to form IT, = IT (T,
IT,) or e = e (R, NTU), which was to be proved.

Comparison between a counterflow exchanger and
a counterflow connection made of crossflow elements.

Considering the three types of heat exchangers, counter-, cross-
and parallel flow exchangers, it is well known that the counterflow
exchanger has the best effectiveness. Hence, the effectiveness of
the counter flow exchanger can be used as a reference. The closer
the effectiveness of a connection to the reference one, the better
is the connection. An important question is how many elements

needed in order that a connection practically performs as counter
flow exchanger with the same heat transfer area?

In order to study this, we use the following approximate equation
for cross-flow exchangers with both flows unmixed [8]:

0.22 0.78
NT:(eR'NTU - 1) )

Consider a counter flow exchanger and a counter connection
made of cross-flow units so that they both have the same G,

oo = 1—€Xp

Cmin and Cnay and hence the same R and NTU. Let n be the
number of the cross flow units. For a cross flow unit

NTU, = NTU/n )

Substituting Eq. (9) into Eq (8), we get the effectiveness, ¢ for
an individual cross flow unit. Using Eqs. (4) and (5), we get the
effectiveness &__for counter connection.

For a counter-flow exchanger [1], the effectiveness is

1- 7R forR <1
; exp[NTU-(1-R)|-R
1+ NTU

Then the percentage difference between both effectivenesses

for various values of R, NTU and n can be calculated by

€cou€con 100%

SCOU
For example, with values R = 0.75, NTU = 5and n =4 we gete__
=0.828 (Eq.(8)), NTU,_ = 1.25 (Eq.(9)), e, = 0.563 (Eq.(8)), e_ =
0.892 (Eq.(4)),

e, =0.909 (Eq.(10)) and “4— e 100 0 — 29

C
€cou
Results and Discussion

For a counter connection the effectiveness of the connection can
be calculated from Eq. (2) or Eq. (3) and especially from Eq. (4)
or Eq. (5) when the units are identical.

The corresponding equations for a parallel-flow connection are
Egs. (6) and (7).

The data calculated according to the above procedure is shown
graphically in Figures 5a - 5d.

Effectivenesses of counterflow-and crossflow heat exchangers
and of counter connections made of crossflow units with
different values of R. In each of the figures, the uppermost curve
represents the counter flow heat exchanger and the lowermost
represents a single cross flow heat exchanger and between the
upper- and lowermost curves there are 5 curves, which represent
the counter connections made of 2, 4, 6, 8 and 10 with cross flow
heat exchanger units. The larger the number of units the closer
the curve is to the uppermost curve.
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Figures 5 a - 5 d illustrate that the larger R value the larger the
differences of e between individual cases. In case R = 0 which
takes place in a phase change, there would be no difference at all
and there would be only a single curve in the figure.

Thus we can make a conclusion that the differences are the
largest for R = 1, i.e. when the heat capacity flows are the same.
This conclusion can be reasoned also in the following way: let

us consider a situation where Cp,jn < Chax - In this case, the

temperature change of C,x is very small hence there is almost
constant temperature on the other side of the wall. So it is almost

insignificant to which direction Crin flows compared to Cg,

. Thus the temperature change of Cumin is less sensitive to the
relative flow directions, i.e. the geometry, the larger the difference

between Cmin and C,ay, i.e. the closer the R is to zero. Hence

the temperature change of Cmin , and by definition the e is more
sensitive to the geometry the closer R value to unity.

Thus, the largest differences between effectivenesses appear in the
case R = 1. The largest differences between a single counterflow

exchanger and counterflow connections with various number of
units of cross flow heat exchangers have been found from the
numerical data of Figure 5a. The main results are given in Table 1.

The largest differences of e between a single counterflow
exchanger and counterflow connections when R = 1. In the table
n = number of units, NTU (max) = the NTU-value where the
largest difference occurs, % (max) = largest difference (%), %
(NTU = 1) = the difference of e when NTU =1 (%).

The numerical data was calculated with the accuracy of two
decimals and with some values of n there appeared to be two
maximum points. In most cases, the maximum point was very
close to the point NTU = 1 and for this reason there is an extra
row which shows the difference for NTU = 1.

The results indicated by Table 1 can be presented shortly so that
two units are needed in order that the difference in all conditions
is less than 10 %, for 3 units less than 5 %, for 8 units less than 2
% and for 28 units less than 1 %. But it must be remembered that
we considered here the limit case R = 1 and with smaller values
of R usually smaller amount of units is needed. Table 1 indicates
also that the difference of e between a counterflow and a single
crossflow exchanger is never larger than 11%.
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n 1 2 3 4
NTU(max) 10.0 17.9 25.6 33.1
%(max) 11.0 6.1 4.2 3.2
%(NTU=1) 6.3 4.1 33 2.5
n 11 12 13 14
NTU(max) 1.2 1.2 1.2 1.2
%(max) 1.7 1.6 1.5 1.5
%(NTU=1) 1.7 1.6 1.5 1.5
n 21 22 23 24
NTU(max) 1.3 14 1.4 1.4
%(max) 1.2 1.2 1.2 1.1
%(NTU=1) 1.2 1.1 1.1 1.1

5 6 7 8 9 10
40.7 11 1.1 1.1 1.1 1.2
2.6 2.3 2.1 2.0 2.0 1.8
2.5 2.3 2.1 2.0 2.0 1.8
15 16 17 18 19 20
1.3 1.3 1.3 1.3 1.3 1.3
1.4 1.4 1.3 1.3 1.3 1.2
1.4 1.4 1.3 1.3 1.2 1.2
25 26 27 28 29 30
1.4 1.4 1.4 1.4 1.4 1.4
1.1 1.0 1.0 1.0 1.0 1.0
1.1 1.0 1.0 1.0 1.0 0.9

Table 1: Main Results

It can be proven by the dimensional analysis that for any heat
exchanger the effectiveness is a function of NTU and R only and
does not depend on the incoming temperatures.

Practically not so many crossflow units are needed in order that
the effectiveness of a counterflow connection is practically not
worse than that of a single counterflow exchanger. It was proved
that 8 units are needed in order to have only 2 % difference in
effectiveness.

Conclusions

A theoretical formulation was presented in order to obtain
the effectiveness of heat exchangers connected in series. The
effectiveness was derived for counter and parallel flow heat
exchangers connected in series. If the heat exchangers are
connected in series they should be connected in counter flow
connection in order to achieve the best possible effectiveness.

It was shown that the effectiveness of the heat exchanger is only
function of the heat capacitance ratio of the two fluids and the
thermal conductance.

Usually only a few units are needed in order that the effectivenes
is almost the same as a single counterflow exchanger.
Nomenclature

A area of heat transfer wall, m?

C specific heat, J/kgk

C heat capacity rate, W/K, ( C=m Cp)
G conductance, W/K
m

mass flow, kg/s

n number of units

NTU number of heat transfer units, (NTU = G/C i)

R ratio of heat capacitance, (R = Cmin /Cmax )
t  cold fluid temperature, K
T hot fluid temperature, K
Greek Letters
8 auxiliary variable
e effectiveness of a heat exchanger
0 temperature difference, K
Subscripts
cro crosstlow exchanger
cou counterflow exchanger
con counterflow connection made of crossflow units

Min minimum

max maximum
t cold fluid
T hot fluid
u unit
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